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We define the coherence non-activating measurement as the positive operator-valued measurement
which gives the same result whether or not the coherence in a quantum state is destroyed. A
connection is built between the coherence activating ability of a measurement and its ability to steer
quantum states when coherence non-activating measurement is free. Then we study the quantum
discord based on coherence non-activating measurement and its behavior under local incoherent
operations. Our results contribute to the study of resource non-activating condition, which is a
complementary to the well-studied resource non-generating condition.
PACS numbers: 03.65.Ta, 03.65.Yz, 03.67.Mn
I. INTRODUCTION
Quantum measurement, one of the fundamental ele-
ments in quantum theory, is an indispensable procedure
in all the quantum information protocols. The quantum-
ness of measurement can be revealed in the uncertainty
principle [1, 2], the quantum steering [3, 4], etc. In most
of these regimes, two or more sets of measurement are in-
volved, and the quantumness of measurement are viewed
as the incompatibility of these sets of measurement [5, 6].
In the task of quantum steering, when a pure entangled
state is shared, Alice can steer Bob’s state if and only
if she can implement sets of measurement which are not
jointly measurable [3, 4]. It means that, the resource of
steerability contained in quantum states can be activated
only by measurements that are “quantum”. Hence the
quantumness of measurement can be viewed as its ability
to activate the resource contained in quantum states.
In the resource theory of quantum coherence [7–9], a
reference basis is fixed. States which are diagonal in the
reference basis do not contain quantum coherence and
are called incoherent states [10]. These states are con-
sidered free. The characterization of free operations at-
tracts lots of interest, and different regimes are proposed,
such as incoherent operations (IO) [10], physically inco-
herent operations (PIO) [11], strictly incoherent oper-
ations (SIO) [12], genuine incoherent operations (GIO)
[13], etc., see Ref. [14] for the comparison of them. All
of these free operations are subset of maximal incoher-
ent operations (MIO) [15, 16], which are defined as the
whole set of quantum operations which do not generate
coherence. Meanwhile, few attention has been paid to the
non-activating condition [17], which is a complementary
to the non-generating condition.
Quantum discord [18] is defined as the minimal discor-
dance between the total correlation and the correlation
that can be detected by local measurement. Here the
local parties can implement the whole set of positive op-
erator value measurement (POVM). Also, some works
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are focus on the discord defined on some specific mea-
surement. For example, for measurement induced distur-
bance [19] or diagonal discord [20], the measurement is a
projection to the eigenvector of marginal density matrix.
When the measurement is a projection to a fixed basis,
the corresponding discord is called the basis-dependent
discord [12, 21], which is closely related to quantum co-
herence.
In this article, we define the incoherent measurement
as the POVM which can not activate the quantum co-
herence in any state. In other words, an incoherent mea-
surement gives the same result whether or not the co-
herence in a quantum state is destroyed. We prove that
the elements of an incoherent measurement are diagonal
on the reference basis, and derive an inequality to wit-
ness whether a measurement can activate the coherence.
Then we study the quantum discord based on incoherent
measurement (QDI), which is similar to the traditional
discord but the local measurement is limited to the set of
incoherent measurement. Interestingly, the discord based
on incoherent measurement equals to the basis dependent
discord. The behavior of QDI under local incoherent op-
erations are also explicitly studied.
II. COHERENCE NON-ACTIVATING
MEASUREMENT
A positive operator-valued measure (POVM) is asso-
ciated with a set of positive operators {Mj} satisfying∑
jMj = 1. Instead of the measurement outcomes j,
one cares about the probability distribution of the out-
comes
pj = tr(ρMj), (1)
where ρ is the state we put into the detection. If we get
the same measurement result even through the coherence
in ρ is destroyed, we would say that the measurement
{Mj} coherence non-activating, namely, it is not able to
detect the resource contained in ρ.
Let I be the set of incoherent states, a coherence de-
stroying map λ satisfies two conditions [17]:
(1) λ(ρ) ∈ I, ∀ρ.
2(2) λ(σ) = σ, ∀σ ∈ I.
A coherence non-activating measurement is then defined
as follows.
Definition 1. (Coherence non-activating measurement.)
A quantum measurement {Mj} is said to be coherence
non-activating, if it satisfies
tr(ρMj) = tr(λ(ρ)Mj), ∀ρ, j. (2)
Here λ is a coherence destroying map.
By definition, the coherence destroying map is not
unique [17]. However, if we require the coherence destroy-
ing map to be a completely-positive and trace-preserving
(CPTP) map, then it is unique and given by the com-
pletely dephasing map ∆(·) =
∑
j |j〉〈j|(·)|j〉〈j| [22]. In
this case, a coherence non-activating measurement {Mj}
should satisfy
tr(ρMj) = tr(∆(ρ)Mj) = tr(ρ∆(Mj)), ∀ρ, j. (3)
Hence each POVM element Mj of a coherence non-
activating measurement is diagonal in the incoherent
basis. Because of this “incoherent” form, a coherence
non-activating measurement is also called an incoherence
measurement. We label the set of incoherence measure-
ments as IM.
Apparently, all of the coherence non-activating mea-
surements are jointly measurable, because they can
be generated from incoherent projective measurement
{|k〉〈k|} as Mj =
∑
kmjk|k〉〈k|. Conversely, if a mea-
surement S = {Sj} and the incoherent projective mea-
surement {|k〉〈k|} are jointly measurable, then S ∈ IM.
The reason is as follows. From the definition of jointly
measurability [4], S and {|k〉〈k|} are jointly measurable,
if and only if a measurement G = {Gλ} exists such that
both S and {|k〉〈k|} can be generated from G, i.e.,
|k〉〈k| =
∑
λ
p(k|λ, 0)Gλ, (4)
Sj =
∑
λ
p(j|λ, 1)Gλ, (5)
where p(k|λ, 0) and p(k|λ, 1) are conditional probabili-
ties. Because p(k|λ, 0) are positive and each incoherent
projector |k〉〈k| is of rank 1, Eq. (4) implies that every
Gλ is proportional to some incoherent projector. Substi-
tute the form of Gλ to Eq. (5), we obtain that each Sj
is diagonal on the incoherent basis, so S ∈ IM. Remind
that two sets of quantum measurement are not jointly
measurable if and only if they can be used for quantum
steering [4], we arrive at the following proposition.
Proposition 1. A measurement M is not coherence
non-activating, if and only if M and the incoherent pro-
jective measurement {|k〉〈k|} can be used for quantum
steering.
A consequence of this proposition is that, one can em-
ploy steering inequalities to judge whether a measure-
ment is coherence non-activating or not. Suppose Alice
wants to convince Bob that, besides incoherent measure-
ment, she can also implement a measurement M /∈ IM.
From Proposition 1, if Alice can steer Bob’s state, then
Bob believes that Alice can indeed implement quantum
measurement other than incoherent measurement. In-
spired by the quantum steering inequality proposed in
Ref. [23], we derive an inequality for witnessing coherent
measurement.
Theorem 1. Let M = {Mα}
n−1
α=0 be a quantum measure-
ment on d-dimension systems. If an orthonormal basis
{|ϕα〉}
d−1
α=0 exists such that the inequality
d−1∑
α=0
〈ϕα|Mα|ϕα〉 >
d−1∑
i=0
max
α
|〈ϕα|i〉|
2
(6)
holds, then M /∈ IM.
Proof. Notice that one can always set n ≥ d. If n < d,
we can construct an equivalent measurement M ′, with
M ′α =Mα for α < n and M
′
α = 0 for n ≤ α < d.
If M ∈ IM, then we have Mα =
∑d−1
i=0 mαi|i〉〈i|. Be-
cause n ≥ d, Mα ≥ 0 and
∑n−1
α=0Mα = 1, we have∑d−1
α=0mαi ≤
∑n−1
α=0mαi = 1, and consequently,
d−1∑
α=0
〈ϕα|Mα|ϕα〉 =
d−1∑
i=0
d−1∑
α=0
mαi〈ϕα|i〉〈i|ϕα〉
=
d−1∑
i=0
d−1∑
α=0
mαi |〈ϕα|i〉|
2
≤
d−1∑
i=0
max
α
|〈ϕα|i〉|
2
. (7)
Therefore, if the above inequality is violated for some
orthonormal basis {|ϕα〉}
d−1
α=0, the quantum measurement
M is not an incoherent measurement.
From the quantum steering point of view, Eq. (6)
means that Alice can steer Bob’s state by implementing
the measurement M and the incoherent projective mea-
surement {|i〉〈i|}. Generally speaking, Eq. (6) is not the
necessary condition for quantum steering, so there are sit-
uations where Eq. (6) is not satisfied for any {|ϕα〉}
d−1
α=0
even thorough M is not incoherent.
However, for projective measurements with white
noise, we prove that Eq. (6) is the necessary and suf-
ficient condition that the measurement is not incoherent.
The measurement elements of a projective measurement
with white noise Π˜ = {Π˜α}
d−1
α=0 can be written as
Π˜α = λ|φα〉〈φα|+
1− λ
d
1, (8)
where 0 ≤ λ ≤ 1 and {|φα〉} are orthonormal basis which
are not incoherent. Clearly, the measurement Π˜ is inco-
herent only when λ = 0. If {|φα〉} and {|i〉} are mutually
unbiased bases, we choose |ϕα〉 = |φα〉, ∀α, and Eq. (6)
3becomes dλ + (1 − λ) > 1, which holds for λ 6= 0. If
{|φα〉} and {|i〉} are not mutually unbiased, we choose
{|ϕα〉} to be mutually unbiased with {|i〉} but not with
{|φα〉}. Hence the right-hand side of Eq. (6) equals 1,
and the left-hand-side reads
d−1∑
α=0
〈ϕα|Mα|ϕα〉 = 1 + λ
[
d−1∑
α=0
|〈φα|ϕα〉|
2 − 1
]
. (9)
Because {|ϕα〉} and {|φα〉} are not mutually unbi-
ased, we can arrange the ordering of {|ϕα〉} such that∑d−1
α=0 |〈φα|ϕα〉|
2 > 1. Hence the left-hand-side is strictly
larger than 1 if λ 6= 0. This completes the proof.
III. QUANTUM DISCORD BASED ON
COHERENCE NON-ACTIVATING
MEASUREMENTS
Before study quantum discord based on coherece non-
activating measurements, we briefly review the defi-
nition of traditional quantum discord. For a bipar-
tite state ρAB, the total correlation between A and B
is quantified by the mutual information IA:B(ρAB) =
S(ρA) + S(ρB) − S(ρAB), where ρA(B) = trB(A)(ρAB)
is the reduced density matrix of system A(B), and
S(ρ) = −tr(ρ log2 ρ) is the von Neumann entropy.
The maximal amount of information that can be re-
vealed by local POVM on A is called the classi-
cal correlation JB|A(ρAB) = max{Mµ}∈POVM[S(ρB) −∑
µ p
MµS(ρB|Mµ)], where p
Mµ = tr(ρABM
A
µ ⊗ 1
B) is
the probability to get the measurement result µ and
ρB|Mµ = trA(M
A
µ ⊗1
B)/pMµ is the resulted state of B af-
ter the measurement. The difference between total corre-
lation and classical correlation is called quantum discord
δB|A(ρAB) = IA:B(ρAB)− JB|A(ρAB).
Now we are ready to define the incoherent correlation
and quantum discord based on incoherent measurement.
Definition 2. For a bipartite state ρAB, the incoherent
correlation on A is defined as the maximal information
gain about B as a result of an incoherent measurement
on A
J IB|A(ρAB) := max{Mµ}∈IM
[
S(ρB)−
∑
µ
pMµS(ρB|Mµ)
]
,(10)
where pMµ = tr(MµρAB) and ρB|Mµ =
trA(MµρAB)/p
Mµ are the probability and the re-
sulted state of B for the measurement result µ. The
quantum discord based on the incoherent measurement
(QDI) is defined as the difference between the mutual
information and the incoherent correlation
DIB|A(ρAB) := IA:B(ρAB)− J
I
B|A(ρAB). (11)
In the definition of traditional quantum discord
δB|A(ρAB), the optimization is taken over the whole
set of POVM, and the optimal measurement need not
to be projective. Here, for the discord based on inco-
herent measurement DI
B|A(ρAB), the optimization is re-
stricted to the set of incoherent measurement. Therefore,
DIB|A(ρAB) is lower bounded by δB|A(ρAB), which is non-
negative. In the following we prove that the optimal in-
coherent measurement which reaches the minimization in
DI
B|A(ρAB) is just the projection to incoherent basis.
Theorem 2. The discord based on incoherent measure-
ment has the following equivalent expressions
DIB|A(ρAB) =
d−1∑
i=0
piS
(
ρiB
)
+ S(ρA)− S(ρAB) (12)
DIB|A(ρAB) = IA:B(ρAB)− IA:B(ρA˜B), (13)
DIB|A(ρAB) = Cr(ρAB)− Cr(ρA˜B)− Cr(ρA). (14)
Here pi = tr [(|i〉A〈i| ⊗ 1B) ρAB] and ρB|i =
trA [(|i〉A〈i| ⊗ 1B) ρAB] /pi are the probability and the re-
sulted state of B after Alice implement incoherent pro-
jective measurement and get the result i, ρA˜B = ∆A ⊗
1B(ρAB), and Cr(ρ) = S(∆(ρ)) − S(ρ) is the relative
entropy of coherence.
Proof. We first prove the equivalence between Eqs. (11)
and (12). Because the measurementM on A is coherence
non-activating, the measurement element is diagonal in
the incoherence basis Mµ =
∑d−1
i=0 mµi|i〉〈i|, and the re-
sulted state of B for the measurement result µ is then
written as
ρB|Mµ =
1
pMµ
trA
[(
d−1∑
i=0
mµi|i〉A〈i| ⊗ 1B
)
ρAB
]
=
d−1∑
i=0
mµipi
pMµ
ρB|i, (15)
Notice tr(ρB|Mµ) = tr(ρB|i) = 1, we have
∑d−1
i=0
mµipi
pMµ
=
1, and then {
mµipi
pMµ
}i is a probability distribution for
all µ. By the convexity of Von Neumann entropy,
S(ρB|Mµ) ≥
∑d−1
i=0
mµipi
pMµ
S(ρB|i). Hence, the following
inequality holds for all incoherent measurement {Mµ}:
∑
µ
pMµS(ρB|Mµ) ≥
d−1∑
i=0
piS
(
ρB|i
)
. (16)
On the other hand, min{Mµ}∈IM
∑
µ p
MµS(ρB|Mµ) ≤∑d−1
i=0 piS
(
ρiB
)
, because the incoherent projective mea-
surement belongs to IM. Therefore, Eqs. (11) and (12)
are equivalent.
Eq. (13) is equivalent to Eq. (12) because ρA˜B =∑d−1
i=0 pi|i〉〈i| ⊗ ρ
i
B and then IA:B(ρA˜B) = S(ρB) −∑d−1
i=0 piS(ρ
i
B). The equivalence between Eqs (13) and
(14) is obtained directly by definition.
4Theorem 2 indicates that the quantum discord
based on incoherent measurement equals to the basis-
dependent discord defined in Ref. [12]. As proved in Ref.
[12], the basis-dependent discord vanishes not only for
incoherent-quantum states, but also for coherent states
which have a decomposition
ρAB =
∑
j
ρjA ⊗ ρ
j
B, (17)
such that all ρjA are perfectly distinguishable by the in-
coherent projective measurement. This result is natural
by using Definition 2. The incoherent correlation on A
reaches the mutual information if there exist a local in-
coherent measurement on A which can reveal the mutual
information between A and B. That is to say, the bipar-
tite state is separable with each ρjA distinguishable by
some incoherent measurement.
IV. BEHAVIOR OF QDI UNDER LOCAL
INCOHERENT OPERATIONS
Similar to the local creating property of the traditional
discord, the discord based on incoherent measurement
can also be created by local incoherent operations. In
the following, we study the behavior of DB|A(ρAB) under
local operations.
(P1) DB|A(ρAB) does not change under local unitary
on B or local incoherent unitary on A.
Proof. Let ρ′AB = U
I
A ⊗ UBρABU
I†
A ⊗ U
†
B, where U
I
A and
UB are arbitrary incoherent unitary on A and unitary on
B. Because an incoherent unitary U I satisfies the com-
mutative property U I∆(·)U I† = ∆[U I(·)U I†], we have
ρ′
A˜B
= ∆A⊗1B(ρAB) = U
I
A⊗UBρA˜BU
I†
A ⊗U
†
B. Further-
more, local unitary does not change the mutual informa-
tion, so I(ρ′AB) = I(ρAB) and I(ρ
′
A˜B
) = I(ρA˜B). It fol-
lows from Eq. (13) that DB|A(ρ′AB) = DB|A(ρAB).
(P2) DB|A(ρAB) can not be increased by local opera-
tions on B.
Proof. Here we first prove that discarding a subsys-
tem on B side does not increase the QDI defined on
A, i.e., DBB′|A(ρABB′) ≥ DB|A(ρAB), where ρAB =
trB′(ρABB′). To this end, we employ Eq. (14) and obtain
DBB′|A(ρABB′)−DB|A(ρAB)
= [Cr(ρABB′)− Cr(ρA˜BB′)− Cr(ρA)]
−[Cr(ρAB)− Cr(ρA˜B)− Cr(ρA)]
= [Cr(ρABB′)− Cr(ρAB)− Cr(ρB′)]
−[Cr(ρA˜BB′)− Cr(ρA˜B)− Cr(ρB′)]
= IAB:B′(ρABB′)− IAB:B′(ρA˜BB′) ≥ 0. (18)
The last inequality is because local operations can not
increase mutual entropy.
Any operation ΛB on B can be realized by appending
an ancilla B′, applying a local unitary UBB′ on B and B′,
and then discarding B′. From Eq. (13), appending an
ancilla on B side does not change the QDI on A. Hence
we have
DB|A(ρAB) = DBB′|A
(
UBB′(ρAB ⊗ ρB′)U
†
BB′
)
≥ DB|A (1A ⊗ ΛB(ρAB)) . (19)
This completes the proof.
This monotonic property makes DB|A(ρAB) a proper
quantification of correlations. Actually, the traditional
quantum discord also satisfies this property.
Also, (P2) is a generalization of a result in Ref.
[24], which says that the remaining coherence defined
as CT (ρAB) = Cr(ρAB) − Cr(ρA˜B) − Cr(ρAB˜) is non-
negative. From Eq. (14), CT (ρAB) ≥ 0 is equivalent
to DB|A(ρAB) ≥ DB|A(ρAB˜), which is a spacial case
of (P2). Ref. [24] points out that CT (ρAB) = 0 for
states with vanishing DB|A or DA|B, but leaves it open
whether other states satisfy this equation. Here we give
a positive answer to this problem. To this end, we con-
sider the maximal entangled state ρmAB = |Ψ〉〈Ψ| with
|Ψ〉 = 1√
2
(|+0〉+|−1〉) and |±〉 = 1√
2
(|0〉±|1〉). Employ-
ing Eq. (13), we obtain DB|A(ρmAB) = DB|A(ρ
m
AB˜
) = 1.
It means that the completely dephasing map on B causes
equal amount of decrease in the total correlation and the
incoherent correlation.
Another related question is whether the monogamy re-
lation holds when multipartite systems are considered,
i.e., whether DBB′|A(ρABB′) is no less than DB|A(ρAB)+
DB′|A(ρAB′) for any tripartite state ρABB′ . We give
a negative answer to this question. Actually, for GHZ
state |GHZ〉 = 1√
2
(|000〉 + |111〉), the monogamy re-
lation DB|A(ρGHZAB ) + DB′|A(ρ
GHZ
AB′ ) − DBB′|A(ρ
GHZ
ABB′) =
−1 < 0 holds, but for |W〉 = 1√
3
(|001〉 + |010〉 + |100〉),
we have DB|A(ρWAB) +DB′|A(ρ
W
AB′) −DBB′|A(ρ
W
ABB′) =
2 − log2 3 > 0. Generally, DB|A(ρAB) +DB′|A(ρAB′) −
DBB′|A(ρABB′) = IB:B′|A˜(ρABB′) − IB:B′|A(ρABB′),
where IA:B|C(ρABC) = S(ρAC) + S(ρBC) − S(ρABC) −
S(ρC) is the conditional mutual information. Our results
show that IA:B|C(ρABC) is not monotonic under local op-
erations on C.
(P3) JB|A(ρAB) can not be increased by coherence
non-activating operations. If a quantum operation Λ
satisfies the coherence non-activating condition ∆ ◦ Λ =
∆ ◦ Λ ◦∆, then JB|A(ρAB) ≥ JB|A (ΛA ⊗ 1B(ρAB)).
Proof. We first show that a measurement M = {Mµ}µ
on party A of ρ′AB = Λ ⊗ 1B(ρAB) is equivalent to the
measurementM ′ = {Λ∗(Mµ)}µ on partyA of ρAB, where
Λ∗(·) =
∑
lK
†
l (·)Kl and Kl are the Kaus operator of Λ.
HereM ′ is a quantum measurement because its elements
Λ∗(Mµ) are positive and satisfy
∑
µ Λ
∗(Mµ) = 1. The
5measurementM on party A of ρ′AB gives the probability
p′(Mµ) = tr ((Mµ ⊗ 1B)Λ ⊗ 1B(ρAB))
= tr (Λ∗(Mµ)⊗ 1BρAB) = p(M ′µ), (20)
which is just the probability of the measurement M ′
on party A of ρAB. Similarly, the resulted states
of B read ρ′
B|Mµ = trA ((Mµ ⊗ 1B)Λ⊗ 1B(ρAB)) =
trA (Λ
∗(Mµ)⊗ 1BρAB) = ρB|M ′µ .
If Λ is coherence non-activating, then Λ∗ preserves the
incoherence of measurement, because Λ∗ ◦ ∆∗ = ∆∗ ◦
Λ∗ ◦ ∆∗ and ∆∗ = ∆. From Theorem 2, the optimal
measurement which reach the maximum in the definition
of incoherent correlation is the projective measurement
{|j〉〈j|}. Hence, the incoherent correlation in ρ′AB reads
JB|A(ρ′AB) = S(ρB)−
∑
j
p′jS(ρ
′
B|j),
= S(ρB)−
∑
j
pM
′
jS(ρB|M ′
j
) (21)
where ρB = trA(ρ
′
AB) = trA(ρAB), M
′
j = Λ
∗(|j〉〈j|)
p′j = tr(|j〉A〈j|ρ
′
AB) = tr(Λ
∗(|j〉A〈j|)ρAB) = pM
′
j , and
ρ′
B|j = trA(|j〉A〈j|ρ
′
AB) = trA(Λ
∗(|j〉A〈j|)ρAB) = ρB|M ′
j
.
Because {M ′j} is an incoherent measurement, but may
not be the one that reaches the maximum in the defini-
tion of JB|A(ρAB), we have JB|A(ρ′AB) ≤ JB|A(ρAB).
(P4) DB|A(ρAB) can be created by local incoherent
operations on A.
In the spacial case whereA is a qubit, if a state has van-
ishing QDI, then it is either an incoherent-quantum state
ρiq = p|0〉〈0|⊗ρ0B +(1−p)|1〉〈1|⊗ρ
1
B or a product state;
hence, QDI can not be created by maximal incoherent op-
erations (MIO). Generally, states with vanishing QDI is
in the form of Eq. (17), where ρjA can be coherent. In Ref.
[12], an example is given to show that QDI can be created
by local incoherent operations on A. Also, they prove
that QDI is a monotone under genuine incoherent op-
erations (GIO). Nevertheless, there are other coherence
non-generating operations which can not create QDI.
For example, the qutrit channel with Kraus operators as
K0 =
1√
2
(|−01〉〈0| + |1〉〈1|), K1 =
1√
2
(|+01〉〈0| + |0〉〈1|),
and K2 = |2〉〈2| is in MIO but not in IO (and hence not
in GIO). This channel can not create QDI. Actually, it
breaks the QDI in any qutrit-qudit states.
Here we observe that the ability of a quantum chan-
nel to create QDI can be activated by a parallel identical
channel. Precisely, although a channel ΛA can not create
QDI in any state ρAB with vanishing DB|A, it is possible
that ΛA ⊗ 1A′ can create DB|AA′ . As an example, we
consider the initial state ρAA′B =
1
2 |000〉〈000|+
1
4 (|01〉+
|10〉)(〈01| + 〈10|) ⊗ |1〉〈1|, which has zero QDI on AA′.
Now let a depolarizing channel Λdep2 (ρ) = pρ + (1 − p)
1
2
acting on the qubit A, and the three-qubit state becomes
ρ′AA′B =
1
2
[
p|00〉〈00|+ (1− p)12 ⊗ |0〉〈0|
]
⊗ |0〉〈0| +
1
4 [p(|01〉+ |10〉)(〈01|+ 〈10|) + (1− p)1 ⊗ 1] ⊗ |1〉〈1|. It
can be shown that DB|AA′(ρ′AA′B) > 0 for 0 < p < 1.
Therefore, although a qubit depolarizing channel Λdep2
(which is in MIO) can not create QDI, the tensor prod-
uct channel Λdep2 ⊗ 1 has the ability to create QDI.
Now we define the completely QDI non-generating
channel as follows. A quantum channel Λ is completely
QDI non-generating if Λ ⊗ 1 does not has the ability to
create QDI.
Proposition 2. A quantum channel is completely QDI
non-generating if and only if it is a composition of GIO
and incoherent unitary operations.
Proof. For the “if” part, because incoherent unitary does
not change the QDI, we only need to prove that GIO are
completely QDI non-generating. If Λ ∈ GIO, then we
have Λ ⊗ 1(|ij〉〈ij|) = Λ(|i〉〈i|) ⊗ |j〉〈j| = |ij〉〈ij|, which
means that Λ⊗1 is also in GIO. Therefore, Λ⊗1 does not
has the ability to create QDI, and then Λ is completely
QDI non-generating.
For the “only if” part, let us consider the following
tripartite state ρAA′B =
1
d
∑d−1
j=0 |j〉A〈j| ⊗ |φj〉A′〈φj | ⊗
|j〉B〈j|, where {|j〉A}
d−1
j=0 is the incoherent basis of A,
|φj〉A′ are linearly independent states of A
′ which can
not be distinguished by incoherent measurement. By
definition, DB|AA′(ρAA′B) = 0. If Λ is completely QDI
non-generating, then ΛA(ρAA′B) =
1
d
∑d−1
j=0 Λ(|j〉A〈j|) ⊗
|φj〉A′〈φj |⊗ |j〉B〈j| has vanishing QDI on AA
′. It means
that Λ(|j〉A〈j|)⊗|φj〉A′〈φj | can be perfectly distinguished
from each other by incoherent measurement. Because
these states are product states and |φj〉A′ are indis-
tinguishable by incoherent measurement, the d states
Λ(|j〉A〈j|) can be distinguished by incoherent measure-
ment. It follows that {Λ(|j〉A〈j|)} is also the incoherent
basis, i.e. there exist an incoherent unitary UI such that
Λ(|j〉A〈j|) = UI |j〉〈j|U
†
I , ∀j. Hence, U
†
IΛ(·)UI is GIO,
and Λ is a composition of GIO and incoherent unitary
operations.
V. CONCLUSION
The coherence non-activating measurement, as well as
the quantum discord based on it, have been explicitly
studied. If a POVM gives the same result when the co-
herence in a quantum state is destroyed, then its mea-
surement elements should be diagonal in the incoherent
basis. In order to witness that a POVM is not an inco-
herent measurement, we derive an inequality (Eq. (6)),
and show that it is tight when projective measurement
with white noise is considered.
When the set of POVM in the definition of classical
correlation and quantum discord is restricted to the co-
herence non-activating measurement, we obtain the in-
coherent correlation and the quantum discord based on
incoherent correlation (QDI). Different from the tradi-
tional quantum discord, where the optimal POVM may
6not be a projection, the optimal incoherent measurement
in the definition of QDI is always the projection to the
incoherent basis.
The incoherent correlation and QDI defined on A do
not change under unitary on B or incoherent unitary on
A, and do not increase under any local operations on
B. The monogamy relation for QDI does not hold in
general. The incoherent correlation is monotonically de-
creasing under coherence non-activating quantum opera-
tions. QDI defined on A can be created by local coher-
ence non-generating operations on A. Although the set
of QDI non-generating operations is not subset to IO, the
ability of some operations to create QDI can be activated
by a parallel identity operation. We define the completely
QDI non-generating channels as the quantum operations
which can not create QDI even if a parallel identity op-
eration is employed, and prove that a quantum channel
is completely QDI non-generating if and only if it is a
composition of GIO and incoherent unitary operations.
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